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The precisely controlled buckling of stiﬀ thin ﬁlms (e.g., Si or GaAs nano ribbons) on the patterned surface of elasto-
meric substrate (e.g., poly(dimethylsiloxane) (PDMS)) with periodic inactivated and activated regions was designed by Sun
et al. [Sun, Y., Choi, W.M., Jiang, H., Huang, Y.Y., Rogers, J.A., 2006. Controlled buckling of semiconductor nanorib-
bons for stretchable electronics. Nature Nanotechnology 1, 201–207] for important applications of stretchable electronics.
We have developed a post-buckling model based on the energy method for the precisely controlled buckling to study the
system stretchability. The results agree with Sun et al.’s (2006) experiments without any parameter ﬁtting, and the system
can reach 120% stretchability.
 2007 Elsevier Ltd. All rights reserved.
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Buckling of a stiﬀ thin ﬁlm (e.g., silicon) on a compliant substrate [such as poly(dimethylsiloxane) (PDMS)],
was ﬁrst observed by Bowden et al. (1998), where the stiﬀ thin ﬁlms were attached on the unembellished sur-
face of compliant substrate that is subject to pre-strain. Relaxation of the pre-strain in compliant substrate
leads to buckling of stiﬀ thin ﬁlms with highly periodic, sinusoidal wavy patterns. The wavelength of the buck-
led ﬁlm ranges from 10 to 100 lm. The buckling of stiﬀ thin ﬁlm/compliant substrate system has then been
attracting lots of attentions due to its many important applications. For example, these applications include
stretchable electronic interconnects (Lacour et al., 2004, 2005, 2003, 2006; Wagner et al., 2004), and stretch-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.11.007
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H. Jiang et al. / International Journal of Solids and Structures 45 (2008) 2014–2023 2015able electronic devices (Choi and Rogers, 2003; Choi et al., 2007; Jiang et al., 2007a,b; Khang et al., 2006),
microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) (Fu et al., 2006), tun-
able phase optics (Eﬁmenko et al., 2005; Harrison et al., 2004), force spectroscopy in cells (Harris et al., 1980),
biocompatible topographic matrices for cell alignment (Teixeira et al., 2003), modern metrology methods
(Staﬀord et al., 2005, 2004, 2006; Wilder et al., 2006), and other micro/nanofabrication (Bowden et al.,
1999; Huck et al., 2000; Schmid et al., 2003; Sharp and Jones, 2002; Yoo et al., 2002).
The geometry of buckled thin ﬁlm, however, is completely determined by the thin ﬁlm thickness and the
elastic moduli of the thin ﬁlm and substrate, and therefore cannot be controlled once the thin ﬁlm and sub-
strate are speciﬁed. This ‘‘un-controlled’’ buckling may lead to some restrictions in applications. For stretch-
able electronics, the stretchable strain may reach 20% (Khang et al., 2006), which is much larger than the
failure strain of silicon (1%), but is still too small for certain applications. In order to control the buckle
geometries and improve the stretchability, Sun et al. (2006) designed a mechanical strategy to fabricate pre-
cisely controlled buckle geometries for GaAs and Si nanoribbons on PMDS substrate, by using the photo-
lithograph method to pattern PDMS surface and a buckling process similar to that reported in Khang
et al. (2006).
We brieﬂy summarized the fabrication procedure (Sun et al., 2006) in the following. Fig. 1a illustrates the
photolithograph process that deﬁnes the bonding chemistry on a stretched PDMS substrate subject to pre-
strain epre ¼ DLL in the ribbon direction. The standard photolithograph method was used to form periodic inter-
facial patterns with activated sites where strong chemical bonds can form between PDMS substrate and thinPDMS
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activated
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Fig. 1. Processing steps for precisely controlled thin ﬁlm buckling on PDMS substrate. (a) Pre-strained PDMS with periodic activated and
inactivated patterns. L is the original length of PDMS and DL is the extension. Wact and Win denote the widths of activated and
inactivated sites, respectively. (b) A thin ﬁlm parallel to the pre-strain direction is attached to the pre-strained and patterned PDMS
substrate. (c) The relaxation of the pre-strain epre in PDMS leads to buckles of thin ﬁlm. The wavelength of the buckled ﬁlm is 2L1, and its
amplitude is A. 2L2 is the sum of activated and inactivated regions after relaxation. (d) Casting and curing a liquid prepolymer to
encapsulate the buckled nanoribbons into PDMS substrates. (e) Scanning electron microscope (SEM) image of buckled GaAs thin ﬁlms
formed using the previous procedures.
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interface. Let Wact and Win denote the widths of activated and inactivated sites, respectively (Fig. 1a). Fig. 1b
shows the second step where the thin ﬁlm ribbons are aligned parallel to the pre-strain direction on the pre-
strained and patterned PDMS substrate, followed by the third step (Fig. 1c) where the relaxation of the pre-
strain epre in PDMS leads to the buckled thin ﬁlm ribbons due to the physical separation from the inactivated
sites. The strong chemical bonding over the activated region keeps the ribbons on PDMS. The wavelength of
the buckled structures is 2L1 ¼ W in1þepre, which is well controlled by the interfacial patterns (Win). The amplitude A
of the buckled thin ﬁlms also depends on the geometries of the interfacial patterns (Wact andWin) and the pre-
strain, and is to be determined. Finally, the buckled thin ﬁlms are encapsulated in PDMS (i.e., buckled thin
ﬁlm is sandwiched by PDMS) by casting and curing a liquid prepolymer that can ﬂow and ﬁll the gaps between
buckled thin ﬁlms and PDMS substrates (Fig. 1d). Fig. 1e shows the scanning electron microscope (SEM)
image of buckled GaAs thin ﬁlms formed using this method.
Jiang et al. (2007a,b) developed a nonlinear buckling model to analyze the initial-buckling (Fig. 1a–c), and
obtained the simple analytical expressions for the wavelength and amplitude of initial buckled geometry, as
well as the maximum strain in the thin ﬁlm. For stretchable electronics, it is important to study the post-buck-
ling behavior and answer the following two questions:
(1) How does the buckled thin ﬁlm deform when subject to external strains?
(2) What is the theoretically achievable stretchability for such controlled buckling thin ﬁlms sandwiched by
two pieces of PDMS shown in Fig. 1d?
These two questions are answered in this paper based on a post-buckling analysis for the buckled system
shown in Fig. 1d. The initial-buckling analysis (Jiang et al., 2007a,b) is ﬁrstly reviewed to pave the way for the
post-buckling analysis.2. Initial-buckling model: a brief review
The initial-buckling analysis (Jiang et al., 2007b) is brieﬂy summarized in this section. It is based on the
energy method, which has also been used in other studies of buckled stiﬀ thin ﬁlm/compliant substrate systems
(e.g., Huang et al., 2005). The total energy Utot in the thin ﬁlm/substrate system consists of three parts, the
bending energy Ub due to thin ﬁlm buckling, membrane energy Um in the thin ﬁlm, and substrate energy
Us. The bending and membrane energies of the thin ﬁlm are given byUb ¼
Z L2
L2
1
2
h3Ef
12
d2w
dx21
 2
dx1; ð1Þ
Um ¼
Z L2
L2
1
2
hEfe211 dx1; ð2Þwhere h is the ﬁlm thickness, the plane-strain modulus Ef ¼ Ef=ð1 m2f Þ is related to the Young’s modulus Ef
and Poisson’s ratio mf of the thin ﬁlm, x1 is the ribbon direction, w is the buckling proﬁle (deﬂection), e11 is the
membrane strain, 2L1 ¼ W in1þepre is the initial-buckling wavelength; and 2L2 = 2L1 +Wact is the sum of activated
and inactivated regions after relaxation (Fig. 1c), respectively. Based on Fig. 1c, the buckling proﬁle can be
expressed asw ¼ w
0
1 ¼ 12A 1þ cos px1L1
 
; L1 < x1 < L1
w02 ¼ 0; L1 < jx1j < L2
8<
: ; ð3Þwhere the subscript ‘‘0’’ denotes the initial-buckling, and the buckling amplitude A is to be determined. The
bending energy Ub is then obtained from Eq. (1).
The membrane strain e11 is related to the deﬂection w in Eq. (3) and the in-plane displacement u1 via von
Karman beam theory (Timoshenko and Gere, 1961)
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dx1
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2
dw
dx1
 2
 epre; ð4Þwhere the relaxation of pre-strain epre in the substrate causes a compressive strain epre in the thin ﬁlm. The in-
plane displacement u1 is determined from the force equilibrium of the thin ﬁlm with vanishing shear at the
interface (Huang et al., 2005), which gives a constant membrane strain e11 ¼ A2p216L1L2  epre. The membrane en-
ergy in the thin ﬁlm is then obtained from Eq. (2).
Once the pre-strain in the substrate is relaxed, the substrate deformation results completely from the dis-
placement/stress traction at the ﬁlm/substrate interface. The stress traction is zero over the buckled regions
of the thin ﬁlm, i.e., the inactivated regions (2L1). For activated regions, Sun et al. (2006) observed in the scan-
ning electron microscope (SEM) that the thin ﬁlm/substrate interface [Wact = 2(L2  L1)] remains ﬂat and
exerts vanishing displacement to the substrate. For vanishing displacement and vanishing stress traction,
the relaxed substrate has vanishing energy, Us = 0.
Minimization of total energy oU totoA ¼ 0 with respect to the buckling amplitude A givesA ¼
2
pð1þepreÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
W in½W in þ W actð1þ epreÞðepre  ecÞ
p
; for epre P ec
0 for epre < ec
(
; ð5Þwhereec ¼ h
2p2
12L21
ð6Þis the critical strain for initial buckling, which is on the order of 106 for the buckling wavelength
2L1  200 lm and thin ﬁlm thickness h  0.1 lm.
The constant membrane strain e11 ¼ A2p216L1L2  epre is very small (10
6). Therefore the maximum strain in the
thin ﬁlm is the bending strain due to the thin ﬁlm curvature d
2w
dx2
1
, i.e.,emax ¼ h
2
max
d2w
dx21
 
¼ 2hpð1þ epreÞ
W in
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ W act
W in
ð1þ epreÞ
 
epre
s
: ð7ÞSince the activated region Wact and the thin ﬁlm thickness h (0.1 lm) are much smaller than the inactivated
regionWin, the maximum strain emax is much smaller than pre-strain epre. For a 0.3 lm thin GaAs ﬁlm buckled
on a patterned PDMS substrate withWact = 10 lm,Win = 400 lm and epre = 60%, the maximum strain in the
thin ﬁlm is only 0.6%, two orders of magnitude smaller than the 60% prestrain.3. Post-buckling analysis
The buckled thin ﬁlms are protected by casting and curing of a prepolymer (Fig. 1d), which is ﬂuid that can
ﬂow and ﬁll the air gaps between buckled thin ﬁlm and PDMS substrate (Sun et al., 2006). Once the liquid
prepolymer is cured and solidiﬁed, the buckled thin ﬁlms are then encapsulated between PDMS substrates
(Fig. 1d), and are ready to be subject to the externally applied strain eapplied. Such a sandwiching procedure
does not change the wavelength (2L1) or the amplitude (A) of the buckled thin ﬁlm because the prepolymer
is liquid and does not impose any deformation to the thin ﬁlm. A post-buckling model is developed in this
section to study how the amplitude and wavelength change to accommodate the applied strain and predict
the theoretically achievable stretchability.3.1. Post-buckling proﬁle and bending energy in the thin ﬁlm
Upon the applied strain eapplied the initial-buckling geometry given in Eq. (3) changes to
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w1 ¼ w01 þ wc1 ¼ 12A 1þ cos px1L1
 
þ Ac1 cos k1x1; L1 < x1 < L1
w2 ¼ w02 þ wc2 ¼ Ac2 cosðk2x1 þ /2Þ þ C2; L1 < jx1j < L2
8><
>: ; ð8Þwhere wc1 ¼ Ac1 cos k1x1 and wc2 ¼ Ac2 cosðk2x1 þ /2Þ þ C2 are the changes of the deﬂection due to eapplied, which
involves six parameters ðAc1; Ac2; k1; k2; /2; C2Þ to be determined.
There are four continuity conditions across the interface between inactivated and activated regions
(x1 = ±L1), i.e., the continuity of deﬂection ðwc1jx1¼L1 ¼ wc2jx1¼L1Þ, rotation
dwc
1
dx1
			
x1¼L1
¼ dwc2
dx1
			
x1¼L1
 
, bending
moment
d2wc
1
dx2
1
			
x1¼L1
¼ d2wc2
dx2
1
			
x1¼L1
 
, and shear force
d3wc
1
dx3
1
			
x1¼L1
¼ d3wc2
dx3
1
			
x1¼L1
 
. The periodic condition of the
entire activated/inactivated regions requires
dwc
2
dx1
¼ 0 at x1 = ±L2. These ﬁve conditions relate the six parame-
ters ðAc1; Ac2; k1; k2; /2; C2Þ to one (e.g., Ac1Þ, and yield two sets of solutions. The ﬁrst corresponds to
Ac2 ¼ Ac1; k1 ¼ k2 ¼ npL2 ; /2 ¼ 0 and C2 = 0, and is called the uniﬁed post-buckling mode since the activated
and inactivated regions have a uniﬁed expressionwc1 ¼ wc2 ¼ Ac1 cos
npx1
L2
; ð9Þh i
where n is an integer. The second solution gives Ac2 ¼ nðL2L1ÞðmnÞL1
2
Ac1, k1 ¼ npL1, k2 ¼
ðmnÞp
L2L1 , /2 ¼
ðnL2mL1Þp
L2L1 and
C2 ¼ ð1ÞnðAc1  Ac2Þ, which is called the non-uniﬁed post-buckling mode,
wc1 ¼ Ac1 cos
npx1
L1
ð10Þ
for the inactivated region andwc2 ¼ Ac1
nðL2  L1Þ
ðm nÞL1
 2
cos
mðx1  L1Þ þ nðL2  x1Þ
L2  L1 p
 
þ ð1Þn1

 
þ ð1ÞnAc1 ð11Þfor the activated region, which can be equivalently expressed aswc2 ¼ ð1ÞnAc1
nW act
2ðm nÞL1
 2
cos
2ðm nÞðx1  L1Þ
W act
p
 
 1

 
þ ð1ÞnAc1;where n and m are two integers. For this non-uniﬁed post-buckling mode, the rotation vanishes at the interface
between the activated and inactivated regions,
dwc
1
dx1
			
x1¼L1
¼ dwc2
dx1
			
x1¼L1
¼ 0.
The bending energy can be obtained byUb ¼ 2
Z L2
L1
1
2
Efh
3
12
d2w2
dx21
 2
dx1 þ
Z L1
L1
1
2
Efh
3
12
d2w1
dx21
 2
dx1: ð12ÞFor the uniﬁed post-buckling mode (Eq. (9)), the bending energy isUb ¼ Efh
3
24
A2p4 þ 4ðAc1Þ2k41L31L2
4L31
 2AA
c
1p
2k31 sinðk1L1Þ
ðk1L1Þ2  p2
" #
: ð13ÞFor the non-uniﬁed post-buckling mode (Eqs. (10) and (11)), the bending energy isUb ¼ Efh
3
24
A2p4 þ 4ðAc1Þ2k41L41 þ 4ðAc2Þ2k42L31ðL2  L1Þ
4L31
" #
: ð14Þ3.2. Membrane energy for the thin ﬁlm
The force equilibrium of the thin ﬁlm requires (Huang et al., 2005; Timoshenko and Gere, 1961)
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ox1
¼ T 1; ð15Þwhere N 11 ¼ hEfe11 is the membrane force and T1 is the shear stress at the thin ﬁlm/substrate interface. Huang
et al. (2005) showed that the shear stress at the interface between a stiﬀ thin ﬁlm and a compliant substrate is
negligible, which implies constant membrane force N11 and constant membrane strain e11 given bye11 ¼ du1
dx1
þ 1
2
dw
dx1
 2
 epre þ eapplied ð16Þdue to applied strain eapplied. The in-plane displacement u1 also satisﬁesZ L2
L2
du1
dx1
dx1 ¼ 0: ð17Þto be consistent with the overall substrate deformation (Chen and Hutchinson, 2004). This gives the mem-
brane straine11 ¼ A
2p2 þ 4ðAc1k1Þ2L1L2
16L1L2
þ AA
c
1k1p
2 sinðk1L1Þ
2L2½p2  ðL1k1Þ2
 epre þ eapplied ð18Þfor uniﬁed post-buckling mode Eq. (9) ande11 ¼ A
2p2 þ 4ðAc1k1L1Þ2 þ 4ðAc2k2Þ2L1ðL2  L1Þ
16L1L2
 epre þ eapplied ð19Þfor the non-uniﬁed post-buckling model (Eqs. (10) and (11)). The membrane energy is given byUm ¼
Z L2
L2
1
2
hEfe211 dx1 ¼ hEfL2e211: ð20Þ3.3. Substrate energy
As discussed in Section 2, the embedding procedure does not induce any deformation such that the relaxed
substrates are strain free. For post-buckling, the substrate energy results solely from the changes of deﬂection,
either for the uniﬁed post-buckling mode (Eq. (9)) or for the non-uniﬁed post-buckling mode (Eqs. (10) and
(11)).
Each substrate is subject to the applied strain eapplied in ribbon direction (x1), and is modeled as a two-
dimensional semi-inﬁnite elastic solid since the substrate thickness is several orders of magnitude larger
than the thin ﬁlm thickness. The strain energy for both substrates is obtained via the divergence theorem
asU s ¼
Z L2
L2
T 3wc dx1; ð21Þwhere the periodic conditions at x1 = ±L2 have been used, T3 is the normal traction resulting from the post-
buckling mode wc in Eq. (9) or (10) and (11) at the ﬁlm/substrate interface (x3 = 0).
(1) Uniﬁed post-buckling mode
The normal traction for the uniﬁed post-buckling mode (Eq. (9)) isT 3 ¼ 1
2
Esk1A
c
1 cosðk1x1Þ; ð22Þwhere Es ¼ Es=ð1 m2s Þ is the plane-strain modulus of the substrate. The strain energy in the substrates isU s ¼ 1
2
EsðAc1Þ2k1L2: ð23Þ
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The post-buckling mode in Eqs. (10) and (11) is periodic over [  L2, L2], and can be expressed in the Fou-
rier series aswF ¼ 1
2
a0 þ
X1
i¼1
ai cos
ipx1
L2
 
; ð24Þwhere ai ¼ 2L2
R L2
0
wc cos ipx1L2
 
dx1 (i = 0, 1, 2, . . .) are linearly proportional to A
c
1. Each term ai cos
ipx1
L2
 
in the
Fourier series mimics a uniﬁed post-buckling mode, and corresponds to the normal traction
T i3 ¼ iaip2L2 Es cos
ipx1
L2
 
at the ﬁlm/substrate interface. This gives the total normal tractionT 3 ¼
X1
i¼1
T i3 ¼
p
2L2
Es
X1
i¼1
iai cos
ipx1
L2
 
; ð25Þand the strain energy in the substratesU s ¼
Z L2
L2
T 3wF dx1 ¼ p
2
Es
X1
i¼1
ia2i ; ð26Þwhere wF is the deﬂection expressed in the Fourier series given by Eq. (24).
3.4. Energy minimization
The total strain energy in the system is the summation of membrane and bending energy in the thin ﬁlm and
the strain energy in the substrate, Utot = Um + Ub + Us. It depends on a single variable, A
c
1, which is deter-
mined analytically by energy minimization, i.e., oU tot=oAc1 ¼ 0, for both uniﬁed post-buckling mode (Eq.
(9)) and non-uniﬁed post-buckling mode (Eqs. (10) and (11)). For uniﬁed post-buckling mode, the energy min-
imization gives a cubic equationa3 A
c
1
 3 þ a2 Ac1 2 þ a1Ac1 þ a0 ¼ 0; ð27Þ
wherea3 ¼ k31;
a2 ¼ 3Ap
2k21 sinðk1L1Þ
L2½p2  ðk1L1Þ2
;
a1 ¼ 2A
2p4k1 sin
2ðk1L1Þ
L22½p2  ðk1L1Þ22
þ 4 A
2p2
16L1L2
þ eapplied  epre
 
k1 þ 1
3
h2k31 þ 4
Es
hEf
;
a0 ¼ Ap
2 sinðk1L1Þ
L2½p2  ðk1L1Þ2
4
A2p2
16L1L2
þ eapplied  epre
 
þ k
2
1h
2
3
 
:The numerical method is then used to solve this cubic equation. The similar cubic equation for the non-uniﬁed
post-buckling mode can be correspondingly obtained.
For uniﬁed buckling mode (Eq. (9)), the total potential energy is evaluated for n ranging from 1 to 100. For
non-uniﬁed buckling mode (Eq. (10)), suﬃcient terms in the Fourier series are taken to ensure the conver-
gence, and without losing generality, the total potential energy is evaluated for m > n. The total potential ener-
gies for these two buckling modes are compared to determine the energetically favorable one. As shown in
Section 4, both buckling models will occur depending on the external strain eapplied.
4. Results and discussion
We take GaAs nanoribbons and PDMS substrates as an example. The thickness of GaAs nanoribbons is
0.27 lm. The Young’s modulus Ef and Poisson’s ratio mf of GaAs are 85.5 GPa and 0.31, respectively. Its frac-
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is nearly ﬁve orders of magnitude more compliant than the thin ﬁlm. The Poisson’s ratio of the PDMS sub-
strate is ms = 0.48.
In order to compare with experiments (Sun et al., 2006), we study three patterned surfaces. They have the
same lengthWact = 10 lm for the activated region, but diﬀerent lengths for the inactivated region. They are all
subject to the same pre-strain, 60%. The ﬁrst pattern has the length Win = 400 lm for the inactivated region.
The initial-buckling amplitude A = 125.7 lm is obtained from Eq. (5), and the initial-buckling proﬁle is shown
in Fig. 2a. The post-buckling proﬁle is determined via the analysis in Section 3. The membrane strain e11 (Eq.
(16)) in both the activated and inactivated regions remains very small (on the order of 103) during post-buck-
ling, which suggests that the thin ﬁlm strain is dominated by the bending strain.
Before the applied compressive strain reaches a critical value, which is eapplied = 24.7% for the GaA thin
ﬁlm and PDMS substrates, the uniﬁed post-buckling mode (Eq. (9)) occurs. The corresponding mode number
is n = 1 such that there is only a single wave over both inactivated and activated regions, as shown in Fig. 2b
for eapplied = 15%. The amplitude and wavelength of this single wave vary to accommodate the applied
strain. The bending strain (and therefore the thin ﬁlm strain) increases with the applied strain, and is on
the order of 1% for eapplied = 20%.
Once the applied compressive strain reaches the critical strain eapplied = 24.7%, the non-uniﬁed post-buck-
ling mode in Eqs. (10) and (11) occurs, but the buckling mode number n is always larger than 1. Fig. 2c shows
the post-buckling proﬁle for eapplied = 24.7%. ‘‘Small’’ waves with wavelength on the order of 30 lm are
observed, corresponding to n = 6 and m = 7 in the non-uniﬁed post-buckling mode. The bending strain
increases sharply from less than 1% to more than 2% as soon as the non-uniﬁed post-buckling comes into play
because of the large curvature induced by ‘‘small’’ waves, and may lead to the fracture of nanoribbons. Sun
et al. (2006) observed those ‘‘small’’ waves in the experiments when the compressive strain reached  20.6%.
Similar to Khang et al. (2006), the mechanism for the small waves is that ‘‘small’’ waves may relax the com-
pressive strain in the thin ﬁlm and reduce the membrane energy. The diﬀerence between the critical strains inFig. 2. Snap shots of buckling proﬁle for diﬀerent applied strain for given patterned surface (Wact = 10 lm, Win = 400 lm) and 60% pre-
strain. (a) Initial-buckling (eapplied = 0) proﬁle; (b) buckling proﬁle at eapplied = 15%; (c) buckling proﬁle at the critical point
eapplied = 24.7% at which the ‘‘small’’ waves appear and the nanoribbons break; and (d) buckling proﬁle at eapplied = 50%.
2022 H. Jiang et al. / International Journal of Solids and Structures 45 (2008) 2014–2023our post-buckling analysis (24.7%) and experiments (20.6%) is partially because the peak of initial-buck-
ling proﬁle is ﬂattened during sandwich procedure, which makes it easier to generate the ‘‘small’’ waves in
experiments.
For the tensile applied strain (eapplied > 0), the amplitude decreases and the wavelength increases. Only the
uniﬁed post-buckling mode occurs, and there are no ‘‘small’’ waves. Fig. 2d shows a post-buckling proﬁle with
eapplied = 50%. As the tensile applied strain increases, the bending strain decreases and eventually the strain in
the thin ﬁlm becomes dominated by the membrane strain. For the tensile applied strain eapplied = 55.8%, the
membrane strain reaches the fracture strain (2%) of GaA thin ﬁlm, which agrees with the experiments (Sun
et al., 2007). The post-buckling analysis shows that this patterned surface (Wact = 10 lm, Win = 400 lm)
can be stretched up to 55% and compressed up to 24%, i.e., about a total stretchability of 80%.
The other two patterned surfaces have shorter length for the inactivated region, Win = 300 and 200 lm,
respectively. ForWin = 300 lm, ‘‘small’’ waves appear and the thin ﬁlm fracture when the compressive applied
strain reaches 34.4%. The tensile stretchability is 57.6%, which agrees with Sun et al.’s (2006) experiments.
The total stretchability is more than 90%. ForWin = 200 lm, ‘‘small’’ waves appear and the thin ﬁlm fracture
when the compressive applied strain reaches 57.1%. The tensile stretchability is 59.2%. This suggests that the
decrease of the inactivated region (but still much longer than activated region) may increase the stretchability.
5. Conclusion remarks
We have developed a post-buckling model for the precisely controlled buckling of stiﬀ thin ﬁlms (e.g.,
GaAs) on the patterned surface of an elastomeric substrate (e.g., PDMS) with periodic inactivated and acti-
vated regions. The model, which is an extension of our prior initial-buckling analysis (Jiang et al., 2007b),
gives the amplitude and wavelength of post-buckled proﬁle. It also predicts that some ‘‘small’’ waves appear
once the applied compressive strain reaches a critical value, and triggers the fracture of thin ﬁlms. This agrees
with Sun et al.’s (2006) experiments. The system of stiﬀ thin ﬁlms/compliant substrate, which has important
applications in stretchable electronics, can reach the stretchability of 120%.
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